[1] SLAC–PUB–67XX July 1994 T When are Zero Modes Necessary ?^?

Ovid C. Jacob^y Department of Physics and Astronomy 1801 East Cotati Avenue Sonoma State University Rohnert Park, CA 94928 and Stanford Linear Accelerator Center Stanford University, Stanford, California 94309

ABSTRACT

In this paper we develop a way to count zero momentum modes in frontform quantization and apply it to several such approaches: canonical light-cone quantization; Dirac light-cone quantization; reduced phase space quantization ; and Penrose quantization.

We also examine which of these light-cone methods are consistent with the Atiyah-Singer index theorem.

PACS: 11.10.Cd, 11.10.Ef, 11.30.Er, 11.15.-q Phys. Lett. B347, 101 (1995).

? Work supported by the Department of Energy, contract DE-AC03-76SF00515 y jacob@slacvm.slac.stanford.edu

1. Introduction

In recent years there has been a lot of interest in zero modes in light-cone quantized field theories [1] [2] [3] [4] . Yet it is not always clear just when are they needed. In this paper we will attempt to answer this question. We will first write down an expression which counts the total number of zero modes. We then apply this formula to several recent approaches to light-front quantization : canonical light-cone quantization [5] in which one quantizes the fields along the surface x^+ = 0, in close analogy to the canonical equal-time quantization; [6] Dirac light-cone quantization [7] where one applies the ideas introduced by Dirac, [8] which tell us that in light-cone coordinates one deals with a system with constrains, so that the canonical quantization procedure is not sufficient, and new brackets, Dirac brackets need to be defined; reduced phase space quantization [9] [10] [11] where we use a geometrical method of identifying the independent degrees of freedom, and quantize only them; and Penrose quantization [12] [13] [14] [15] [16] [17] which is this new method I have been developing lately, in which we initialize the fields on the surfaces x^+ = 0, x^− = 0 as well as x^+ = x^− = 0.

We will then compare these different methods in their predictions for this zero mode index N_{ZM} and also see how it compares with predictions of the Atiyah- Singer index theorem [18] in the context of several theories: pure scalar ϕ^4 ; fermion-boson Yukawa coupling, and QED_d , for d = 1 + 1 and d = 3 + 1.

2. The Zero Mode Index

Our starting point will be a formula developed by E. Abdalla, M. C. B. Abdalla and K. D. Rothe [19] which relates the index of operators with the number of zero modes N_{ZM} N_{ZM} = N_G + N_L (2.1) where N_G are the contributions to the number of zero modes due to global factors, and N_L due to local factors. In their book, Abdalla , Abdalla and Rothe apply this to a particular form of two-dimensional theories where

N_G = a dm (x) (4π) dm (2.2) and N_L = −ζ(0; x, x|D) (2.3) a dm are Seely coefficients used to compute the global operators contributing to the number of zero modes, where d = 2 and m = 1, while ζ is a generalized zetafunction used to compute the trace of the local operator i /D.

What we propose to do now is to generalize this formula so that we can apply it to our more general case. The generalization we propose is to have more contributions to both the global and local number of zero modes, by adding what we have learned from light-cone field theory [20] as well as from supestring theory [21] .

In particular, the global zero modes will be like this

N_G = N_{T OP} + N_{GJ} + N_{BT} (2.4)

where N_{T OP} are contributions from topological terms; N_{GJ} are contributions from zeros in the Jacobian of global transformations; and N_{BT} are zero modes from global boundary terms.

In a similar fashion , the local contributions are now

N_L = −N_i /_D + N_{LJ} (2.5)

where −N_i /_D is the contribution from the Dirac operator, and N_{LJ} the contribution from the zeros of the Jacobian of local conformal transformations.

Let us describe each of these terms. N_{T OP} is the contribution to the global number of zero modes due to topological features of the theory. In the presence of a gauge symmetry, this term is the contributions due to the induced two-form F^{μν}. In 1 + 1-dimensions, this is (for N_F fermions)

N_{T OP} = N_F 2π ∫ d^2xϵ_{μν}F^{μν} = a dm (x) (4π) dm (2.6)

The next term is N_{GJ} . This is the term which contributes to the global number of zero modes from the zeros in the Jacobian of global transformations. In lightcone quantization, we map the coordinates (q,^{dq}_{dt} ) to (q, p). It turns out that in many cases, this mapping is singular in that the Jacobian vanishes [22] [23] [24] [25] [26] . In that case, we have a zero mode from each of the zeros of this determinant. Just like in the N_{T OP} we get zero modes from the induced two-form F^{μν} so here we may get zero modes from the simplectic two-form f^{ij} [9].

Finally, the last contribution to global zero modes comes from boundary terms. In front-form, the fields can have non-trivial behaviour at ∞, which shows that we can’t ignore these terms as is costumary in equal-time quantization [20] [27] . In most cases, this term does not contribute, since it contains terms proportional to the momentum of the fields, which falls off faster at ∞ than the field itself, hence can be dropped. In the case of fermion fields, though, the momentum conjugate to ψ is proportional to ψ^† , so these terms can’t be ignored - this was essentially the finding of Langnau [20] for the fermion propagator in perturbation theory.

We examine now the local contributions. Firstly, we have −N_i /_D . The reason for the sign can be seen in looking at the generating functional Z [28] [29] and noticing that functional integration gives a factor of Det(i /D) for the fermion degrees of freedom, but a factor of Det(−D^2)^{− 1}2 for each bosonic degree of freedom. Since the Trace of the operator involves Ln(Det(Z)), this gives different signs for fermionic and bosonic degrees for freedom.

Finally, the term N_{LJ} measures the contribution from the zeros of the Jacobian for local (conformal) transformation [21] . In most of the applications we will consider, this term will not contribute since our transformation to light-cone coordinates is non-singular locally (conformally).

We will study now how these terms are realized in the four cases mentioned above. Note that there might be cancelations due to the fact the fermions contribute with opposite sign compared with the bosons.

3. The Zero Mode Index for Canonical Light-Cone Quantization

Let us study first the pure scalar theory. Since there are no induced two-forms there are no contributions from N_{T OP} . In this method the zero modes from N_{GJ} are ignored, so there is no contribution from this direction. Also, the boundary terms are taken to vanish sufficiently fast at ∞ so that N_{BT} also does not contribute.

Going to the local terms, we see that does not N_{LJ} contribute, so that we get

N_{ZM} = 0 (3.1)

Let us look now at the Yukawa case. The difference with the pure scalar case is the presence of fermions. In the absence of any internal symmetry [30] there are no induced two-form so N_{T OP} is still zero . The boundary terms might contribute, though they are assumed to vanish fast enough in this formalism. The only terms which are potentially contributing are −N_i /_D . Let us look at these operators, since their form depends on which are the independent degrees of freedom. In the canonical case, only ψ_+ and ψ^†_+ are independent, while ψ_− and ψ^†_− are dependent. In this case, Det(i /D) is obtained from functional integration over the fermionic degrees of freedom. It is

Det(i /D) = Det {∂^+ 2 1_{2×2} + [σ_i i∂_i 2 + V (ϕ)1_{2×2}] 1 i∂^+ [σ_i i∂_i 2 + V (ϕ)1_{2×2}] } (3.2)

where σ are the 2×2 Pauli matrices and 1_{2×2} is the 2×2 identity matrix, and where V (ϕ) is a polynomial in ϕ. In the limit of 1 + 1-dimensions, difficulties can come from either zero modes of the field ϕ itself or from the zero modes of the operator ∂^+. But both of these possibilities are repressed by the present formalism, in that these zero modes are disallowed. Therefore,

N_{ZM} = 0 (3.3)

We come then to QED. It is known that here we have contributions from the topological term. In 1 + 1-dimensions, it is

N_{T OP} = N_F 2π ∫ d^2xϵ_{μν}F^{μν} (3.4)

In the light-cone gauge, A^+ = 0, this becomes

N_{T OP} = N_F 2π ∫ dx^+[A^−(x^+, ∞) − A^−(x^+, −∞)] (3.5)

which is usually zero unless we specify particular values at ∞ for the longitudinal

coordinate [11] . So this is zero, which is not the general result. It is for this reason

that McCartor introduced his construction [31] . In 3 + 1-dimensions, we have a

similar integral

N_{T OP} = N_F 16π^2 ∫ d^2x_⊥ dx^+dx^− 2 ϵ_{μνρσ}F^{μν}F^{ρσ} (3.6)

which becomes

N_{T OP} = N_F 16π^2 ∫ dx^2x_⊥dx^+ { ϵ_{ij}(∂^iA^j − ∂^jA^i)[A^−(x^+, x_⊥, ∞) − A^−(x^+, x_⊥, −∞)]

+ϵ_{ij}(∂^jA^− − ∂^−A^j)[A^i(x^+, x_⊥, ∞) − A^i(x^+, x_⊥, −∞)] } (3.7)

Again, with usual boundary conditions, this is zero, while we know that it should

be some general integer.

We also might have contributions from the boundary terms, also set forcibly

to zero. As for −N_i /_D , N_{JL}, they are both zero as before, so we obtain

N_{ZM} = 0 (3.8)

So in the canonical approach, we never have zero modes, even in the case of QED

when we should !

4. The Zero Mode Index for Dirac Light-Cone Quantization

We start again with the pure scalar theory. In this method, we do take into account the zero modes from N_{GJ} , which are found to contribute [1, 7]. We get one unit from each scalar field present, so for N_S scalars we have

N_{GJ} = N_S (4.1)

The boundary terms are also ignored in this approach, so it is zero. As for the local terms, again, N_{LJ} does not contribute, so we obtain

N_{ZM} = N_S (4.2)

hence here we do have to worry about zero modes, even for the scalar theory!

We go now to the Yukawa case. We still have no induced two-form , so N_{T OP} is still zero. The presence of fermions now brings an extra contribution for each N_F fermions to N_{GJ} , so that it is

N_{GJ} = N_S + N_F (4.3)

We also have to worry now about the fermionic contribution, −N_i /_D. Here the independent degrees of freedom are also only ψ_+ and ψ^†_+. The Det(i /D) is now

Det(i /D) = Det {∂^+ 2 1_{2×2}+[σ_i i∂_i 2 +V (ω+φ)1_{2×2}] 1 i∂^+ [σ_i i∂_i 2 +V (ω+φ)1_{2×2}] } (4.4)

where ω is the zero mode of the field ϕ and φ is the remaining non-zero mode piece [1, 7]. Even in the massless case, the zero mode ω ‘regulates’ this determinant

(since it is a ’c-number’), so that the fermionic determinant itself has not zero modes . We still have then N_{ZM} = N_S + N_F (4.5)

We finally look at QED. Here, there is a topological contribution, and this was found to be given correctly in this formalism [7] . Plus, we still have a contribution from N_{GJ} from the zero modes of the gauge field and the fermion field, so we have

N_{GJ} = N_S + N_F (4.6)

The local terms still don’t contribute, the gauge zero modes still shielding the fermionic determinant. The final result is

N_{ZM} = N_{T OP} + N_S + N_F (4.7)

where , in 1 + 1-dimensions

N_{T OP} = N_F 2π ∫ d^2xϵ_{μν}F^{μν} (4.8)

while in 3 + 1-dimensions this is

N_{T OP} = N_F 16π^2 ∫ d^2x_⊥ dx^+dx^− 2 ϵ_{μνρσ}F^{μν}F^{ρσ} (4.9)

and we can show that these are integers at least for the 1 + 1 case [7] .

In conclusion, in the case of Dirac quantization, we always need to worry about zero modes, since our index was always non-zero, even for the rather simple scalar theories.

5. The Zero Mode Index for Reduced Phase-Space Light-Cone Quantization

We examine now the reduced phase-space method, and we start with pure scalar case. There is no topological contribution, no global Jacobian contribution - the simplectic two-form seems invertible here [9] - and there are no boundary term contributions. So N_G = 0 (5.1)

Since there are no fermions and the local Jacobian also does not contribute, we obtain N_{ZM} = 0 (5.2)

We look now at Yukawa theory. The inclusion of fermions changes things a bit. We still have no global Jacobian contributions, but might have contributions from the boundary term and from −N_i /_D. With the choice of anti-periodic boundary conditions at longitudinal ∞, we get no contribution from the boundary term since the fermionic piece, the only one which might contribute, is quadratic in the field

N_{BT} = ∫ dx^2dx^−ψ^†_+ψ_=|^{x+=+∞}

x^+=−∞ (5.3)

so that it cancels! Hence, N_{BT} = 0. For the fermionic term we get

Det(i /D) = Det {i∂^+ 2 1_{2×2} + [σ_i i∂_i 2 + V (ϕ)1_{2×2}] 1 i∂^+ [σ_i i∂_i 2 + V (ϕ)1_{2×2}] } (5.4)

Now the prescription of taking anti-periodic values at longitudinal ∞ demands that (i∂^+)^{−1} be anti-periodic, hence without zero modes. In view of these points, there are no zero modes from eq. [(5.4)]. Therefore,

N_{ZM} = 0 (5.5)

Finally, we look at QED. Here, there are topological contributions, which can be shown to give the right value as shown above in eqs. [(4.8), (4.9)]. We have as follows for 1 + 1-dimensions

N_{ZM} = N_{T OP} = N_F 2π ∫ d^2xϵ_{μν}F^{μν} (5.6)

while in 3 + 1-dimensions we have

N_{ZM} = N_{T OP} = N_F 16π^2 ∫ d^2x_⊥ dx^+dx^− 2 ϵ_{μνρσ}F^{μν}F^{ρσ} (5.7)

Therefore, in the case of reduced phase-space quantization, we need to worry about zero modes only in the case when there is an induced two-form with non-zero value, as expected. The scalar or fermionic degrees of freedom do not contribute.

6. The Zero Mode Index for Penrose Quantization

We come now to the Penrose quantization. In many respects, this method shares the features of the reduced phase-space quantization. One important different is that here both ψ_+ and ψ_− are taken as independent.

For the pure scalar case, it is clear that

N_{ZM} = 0 (6.1)

since none of the terms contribute, like in the reduced phase space quantization method discussed above.

For the Yukawa case, we saw [16] that the simplectic two-forms f^{ij} (called Δ

and Γ in that paper) are both invertible, so no zero modes from that place. As for

the fermions we take here both ψ_+ and ψ_− as independent variables, so that the

analysis is a bit more complicated. The boundary terms still vanish, though they

look like this

N_{BT} = ∫ dx^2dx^−ψ^†_+ψ_+|^{x+=+∞}_{x+=−∞} + ∫ dx^2dx^+ψ^†_−ψ_−|^x �_{=+∞} x�_{=−∞} (6.2)

As before, this still vanishes, so that N_{BT} = 0 as above, eq. [(5.4)]. We might

have a contribution from −N_i /_D .

Det(i /D) = − 1 4 (∂^+∂^− − ∂_i∂^i) + V (ϕ)^2 (6.3)

We can see from this form that there are no zero modes contributing,

N_{ZM} = 0 (6.4)

Then, to QED. We get the usual topological terms, [(4.8), (4.9)], which display

the expected behaviour. We also know from other calculations , at least in the

1 + 1-dimensions [13], that the anomaly works out in Penrose quantization

N_{ZM} = N_{T OP} = N_F 2π ∫ d^2xϵ_{μν}F^{μν} (6.5)

while in 3 + 1-dimensions this is

N_{ZM} = N_{T OP} = N_F 16π^2 ∫ d^2x_⊥ dx^+dx^− 2 ϵ_{μνρσ}F^{μν}F^{ρσ} (6.6)

In conclusion, in Penrose quantization, like in reduced phase-space quantiza-

tion, we need zero modes only when we have induced two-forms due to the presence of gauge fields or a gauge symmetry [30] . Furthermore, as a general case, it seems that we don’t encounter contributions from the global Jacobian, so that the simplectic forms seem always invertible, hence there are no constrains, as originally pointed out by Penrose [12] .

7. Conclusions

We have examined four methods of light-cone quantization in light of how they treat zero modes, by employing a new index which counts them ( eqs. [(2.1), (2.4), (2.5)]). We found that canonical light-cone quantization misses zero modes in the presence of two-forms induced by gauge symmetry or gauge fields, while Dirac’s method overcounts them, even in cases when they are not necessary, making analysis more difficult then necessary (as already pointed out by Faddeev and Jackiw [9]). We also find that both reduced phase-space quantization and Penrose quantization are the most economical method of counting zero modes, and agree with the results gotten from usual equal-time quantization.

8. Acknowledgements

I would like to thank Prof. Stanley Brodsky for discussions and to thank Prof. Richard Blankenbecler for his continuing support. I would also like to thank the organizers of the Fourth Workshop on Light-Cone Physics for their stimulating atmosphere they created at the Institute for Nuclear Theory at the University of Washington in Seattle this past summer, June 13-20, 1994, where some of this work began. I also want to thank Prof. Robert Perry who posed this question at the end of this Workshop, which motivated this work.

REFERENCES

[1] Hans C. Pauli and Stanley J. Brodsky, Phys. Rev. D32, 1993 (1985); ibid., 2001 (1985); ibid., D35, 1493(1987).

[1] Ovid C. Jacob, Phys. Lett. B 324, 149(1994).

[2] A. Khvedelidze, V. Pervushin,‘Zero Modes of First Class Secondary Constraints in Gauge Theories,’ hep-th/9401035.

[3] Alex C. Kalloniatis and Hans-Christian Pauli, ‘Dynamical Zero Modes and Pure Glue QCD_{1+1} in Light-Cone Field Theory,’ OHSTPY-HEP-TH-94-001, MPIH-V9-94, hep-th/9403038 .

[4] Robert W. Brown, Jin Woo Jun, Shmaryu M. Shvartsman and Cyrus C.

Taylor,‘ The Role of Zero-Modes in the Canonical Quantization of Heavy Fermion QED in Light-Cone Coordinates,’ Phys. Rev. D48, 5873 (1993).

[5] G. P. Lepage and S. J. Brodsky, Phys. Rev. D22, 2157 (1980). [6] see also the the discretized approach [1] of Pauli and Brodsky. [7] T. Heinzl, S. Krusche and E. Werner, Regensburg preprint TPR-90-44;

TPR-92-17 ;Phys. Lett B275, 410 (1992) [8] P. A. M. Dirac, Can. J. Math, 2, 129, (1950); Phys. Rev. 114, 924 (1959);

”Lectures on Quantum Mechanics,” Yeshiva University, New YOrk, 1964. [9] L. D. Faddeev and R. Jackiw, Phys. Rev. Lett. 60, 1692,(1988) [10] R. Jackiw, ‘(Constrained) Quantization without Tears,’ CTP-#2215, hepth/9306075 [11] Wei-Min Zhang and Avaroth Harindranath , Phys. Rev. D48, 4868(1993);

4881(1993); 4903(1993); Phys. Lett. B314, 223 (1993).

[12] R. Penrose, Gen. Relat. and Grav. 12, 225, (1980); Roger Penrose and Wolfgang Rindler, ‘Spinors and Space-Time,’ vol. I, Chapter 5 ,Cambridge University Press, New York, 1984.

[13] Ovid C. Jacob, ‘Quantization of Gauge Field Theories on the Front-Form without Gauge Constraints III: The Schwinger Model,’ pp. 13, June 1994 , Submitted to Phys. Rev. D [14] Ovid C. Jacob, ‘Quantization of Gauge Field Theories on the Front-Form without Gauge Constraints II: Perturbation Theory and Renormalization,’ pp. 21, June 1994 , Submitted to Phys. Rev. D [15] Ovid C. Jacob, ‘Quantization of Gauge Field Theories on the Front-Form without Gauge Constraints : The Abelian Case,’pp. 18, SLAC-PUB-6391, Sept. 1993, To Appear in Phys. Rev. D.

[16] Ovid C. Jacob ‘Parity and Front-Form quantization of Field Theories,’ SLAC-PUB-6391 August 1993, Submitted to Nucl. Phys. B.

[17] Ovid C. Jacob, ‘Parity Conserving Light-Cone Quantization’, SLAC-PUB- 6188,May 1993, hep-th/9305076, Mod. Phys. Lett 9A, 3219 (1994).

[18] M. F. Atiyah and I. M. Singer , Amer. Math. Soc. 69, 422 (1963; Ann. Math.

87, 596 (1968) .

[19] E. Abdalla, M. C. B. Abdalla, K. D. Rothe,‘Non-Perturbative Methods in 2-Dimensional Quantum Field Theories,’ World Scientific, New Jersey, 1991.

[20] Alex Langnau, Ph. D. Thesis, SLAC-PUB-385, pp. 132, Jan. 1992. [21] David Gross, Phys. Lett. B29, 181 (1992); Nucl. Phys. B400, 161 (1993). [22] A. Hanson, T. Regge and C. Teitelboim,‘Constrained Hamiltonian Systems,’ Academia Nazionale dei Lincei, Rome, 1976.

[23] Kurt Sundermeyer, ’Constrained Dynamics’, Springer-Verlag, New York, 1982 [24] D. M. Gitman and I. V. Tyutin, ’Quantization of Fields with Constraints’, Springer-Verlag, New York, 1990 [25] Jan Govaerts , ’Hamiltonian Quantization and Constrained Dynamics’, Leuven University Press, Leuven, Belgium, 1991 [26] Marc Henneaux and Claudio Teitelboim, ’Quantization of Gauge Systems’, Princeton University Press, Princeton, NJ, 1992 [27] Michael Stone, Ann. Phys. (NY), 155, 56 (1984).

[28] Claude Itzykson and Jean-Bernard Zuber,‘Quantum Field Theory,’ Chap. 9, McGraw-Hill, San Francisco, 1980.

[29] Michael Peskin and Daniel Schroeder, ‘An Introduction to Quantum Field Theory,’ Chap. 9, Addison-Wesley, 1994.

[30] The case of the Gross-Neveu model, D. Gross and A. Neveu , Phys. Rev.

D10, 3235 (1974) is more subtle and will be analyzed elsewhere. [31] G. McCartor, ‘Schwinger Model in the Light-Cone Representation,’ SMUHEP/93- 19, hep-th/9406094; Zeit.f. Phys. C52, 611 (1991).